Abstract. The concepts of t-extending and t-Baer for modules are generalized to those of FI-t-extending and FI-t-Baer respectively. These are also generalizations of FI-extending and nonsingular quasi-Baer properties respectively and they are inherited by direct summands. We shall establish a close connection between the properties of FI-t-extending and FI-t-Baer, and give a characterization of FI-t-extending modules relative to an annihilator condition.
Introduction
Recall that a submodule K of an R-module M is called fully invariant if φ(K) ≤ K for every R-endomorphism φ of M . For example, the Jacobson radical, the socle, the singular submodule Z(M ), the torsion submodule or second singular submodule Z 2 (M ) and the submodules M I for every right ideal I of R are fully invariant in M . A module M is called FI-extending if every fully invariant submodule of M is essential in a direct summand of M . FI-extending modules were introduced in [3] and further studied in [2] , [4] , [5] , and [6] . In [1] we called a submodule A of M t-essential in M (written A ≤ tes M ) if for every submodule B of M , A ∩ B ≤ Z 2 (M ) implies that B ≤ Z 2 (M ). Indeed a t-essential submodule of M is a dense submodule of M in the Goldie torsion theory on Mod-R and so the notion of a t-essential submodule is a generalization of that of an essential submodule. A submodule C of M is called t-closed in M (written C ≤ tc M ) if C ≤ tes C ′ ≤ M implies that C = C ′ . As in [1] , a module M is called t-extending if every t-closed submodule of M is a direct summand. Indeed, M is t-extending if and only if every submodule of M is t-essential in a direct summand [1, Theorem 2.11] . Now it is natural to ask: When does a module have the property that every fully invariant submodule is t-essential in a direct summand? In [4] a module M is called strongly FI-extending if every fully invariant submodule is essential in a fully invariant direct summand. This class of modules is properly contained in the class of
FI-extending modules. Again it is natural to ask: When does a module have the property that every fully invariant submodule is t-essential in a fully invariant direct summand?
The main purpose of this paper is to answer these questions. We say a module M is FI-t-extending if every fully invariant t-closed submodule of M is a direct summand of M . FI-extending modules, t-extending modules (hence extending modules, all finitely generated abelian groups) and projective modules over a ring R for which R R is FI-extending or t-extending, are examples of FIt-extending modules. We will show in Theorem 2.2 that every fully invariant submodule of a module M is t-essential in a direct summand if and only if every fully invariant submodule of M is t-essential in a fully invariant direct summand and that these are equivalent to M being FI-t-extending. In addition, we show that an FI-t-extending module is exactly a direct sum of a nonsingular FI-extending module and a Z 2 -torsion module. By a Z 2 -torsion module K we mean any module K with Z 2 (K) = K. Similar to the FI-extending modules, every direct sum of FI-t-extending modules is FI-t-extending and every fully invariant submodule of any FI-t-extending module inherits the property. Although it is not known whether a direct summand of an FI-extending module is FI-extending, we will see that a direct summand of an FI-t-extending module inherits the property (Corollary 2.4). As a consequence, a direct summand N of an FI-extending module is FI-extending if and only if Z 2 (N ) is FI-extending. In particular every direct summand of an FI-extending module M is FI-extending if Z 2 (M ) is extending, strongly FI-extending or weak duo.
For a left ideal I of End(M ), set r M (I) = {m ∈ M : Im = 0} and t M (I) = {m ∈ M : Im ≤ Z 2 (M )}. Recall from [10] that a module M is (quasi-)Baer if the right annihilator in M of any (two-sided) left ideal I of End(M ) (i.e., r M (I)) is a direct summand of M . The notion of a (quasi-)Baer module M coincides with that of a (quasi-)Baer ring when M = R R . A close connection was established between (quasi-)Baer modules and (FI-) extending modules in [10, Theorems 2.12 and 3.10]. In [1] we have introduced the notion of a t-Baer module which is a generalization of the notions of a t-extending module (hence an extending module) and of a nonsingular Baer module. In fact, a module M is t-Baer if t M (I) is a direct summand of M for any left ideal I of End(M ). There is a connection between t-extending and t-Baer properties, that is, a module M is t-extending if and only if it is t-Baer and t-cononsingular [1, Theorem 3.9] . We say that a module M is FI-t-Baer if t M (I) is a direct summand of M for any two-sided ideal I of End(M ). Every t-Baer module and every nonsingular quasi-Baer module is FI-t-Baer. We give some equivalent conditions to being FI-t-Baer similar to [1, Theorem 3.2] which is for a t-Baer module. Moreover we show that a module M is FI-t-extending if and only if it is FI-t-Baer and FI-t-cononsingular (Theorem 3.9).
A characterization of a quasi-continuous module relative to an annihilator condition is given in [11, Theorem 8] 
). We will show in Theorem 4.1 that there is a similar characterization for FI-t-extending modules. In fact, a module M is FI-t-extending if and only if for every fully invariant t-closed submodule
We end this section by recording the following facts for future use. 
The following statements are equivalent.
Proof. This is routine. □
FI-t-extending modules
Throughout rings will have unity and modules will be unitary. Unless stated otherwise, modules will be right modules. Recall from [1] that a module M is t-extending if every t-closed submodule is a direct summand. By restricting to fully invariant t-closed submodules of M we have the following notion. (
( (4) and (5) (5) ⇒ (6). Let A be a fully invariant submodule of M which contains Z 2 (M ). As shown in the previous part, an essential closure of A is fully invariant and so it serves as such a desired direct summand.
7) Every fully invariant submodule of M is t-essential in a fully invariant direct summand. (8) Every fully invariant submodule of M is t-essential in a direct summand. (9) For every fully invariant submodule A of M , there exists a decomposition
(6) ⇒ (7). Let A be a fully invariant submodule of M . Clearly A + Z 2 (M ) is also fully invariant, hence there exists a fully invariant direct summand
Corollary 2.3. Every direct sum of FI-t-extending modules is FI-t-extending.
Proof. This is clear by Theorem 2.2(3) and [3 
is strongly FI-extending and so by [4, Theorem 2.4] , N is strongly FI-extending, hence it is FI-t-extending. Now if N is not nonsingular, then
However L is a nonsingular direct summand of M , hence by what we showed first L is strongly FI-extending. Thus N is FI-t-extending. □ Recall from [9] that a module M is (weak) duo if every (direct summand) submodule of M is fully invariant. In [3] there is an open problem asking whether a direct summand of an FI-extending module is FI-extending. Clearly this is true if the FI-extending module is weak duo. The next corollary, in particular, shows that the above problem has an affirmative answer when Z 2 (M ) is weak duo. In fact this gives a necessary and sufficient condition for a direct summand of an FI-extending module to be FI-extending. (1) . □
Corollary 2.5. Let R be a ring. Then R R is FI-t-extending if and only if every projective R-module is FI-t-extending.

Corollary 2.6. The following are equivalent for a module
The next examples shows that the class of FI-t-extending modules properly contains both the class of t-extending modules and the class of FI-extending modules. (2) A characterization of an FI-extending Z 2 -torsion group is given in [2, Theorem 2.3]. So every Z 2 -torsion Z-module which is not FI-extending is an example of an FI-t-extending module which is not FI-extending.
FI-t-Baer modules
Let S = End(M ) and I be a left ideal of S. Set r M (I) = {m ∈ M : Im = 0} and t M (I) = {m ∈ M : Im ≤ Z 2 (M )}. In addition, for a submodule N of M , set l S (N ) = {φ ∈ S : φN = 0} and t S (N ) = {φ ∈ S : φN ≤ Z 2 (M )}. Recall from [10] that a module M is quasi-Baer if for every fully invariant submodule N of M , the two-sided ideal l S (N ) is a direct summand of S as a left ideal; equivalently, for every two-sided ideal J of S, the submodule r M (J) is a direct summand of M . Moreover, recall from [1] that a module M is t-Baer if t M (I) is a direct summand of M for every left ideal I of S. By restricting the t-Baer requirement to the two-sided ideals of S we have the following notion. 
Definition 3.1. A module M is FI-t-Baer if t M (J) is a direct summand of M for every two-sided ideal J of S.
Clearly every t-Baer module is FI-t-Baer, and the properties of FI-t-Baer
(1) ⇒ (3). Assume that {e λ : λ ∈ Λ} is a set of idempotents of S such that e λ M contains Z 2 (M ) and is fully invariant submodule of M . Let
. Since e λ0 M is fully invariant, we conclude that m ̸ ∈ e λ0 M . Thus m ̸ ∈ ∩ λ∈Λ e λ M and so 
Proof. First assume that
′ is quasi-Baer by [10, Theorem 3 .17] and so L is FI-t-Baer, as desired. □
Corollary 3.6. Let R be a ring. Then R R is FI-t-Baer if and only if every projective R-module is FI-t-Baer.
Proof. This follows by Corollary 3.3 and Proposition 3. 
Clearly, every Z 2 -torsion and every nonsingular uniform module is FI-tcononsingular.
Proposition 3.8. Let M be a module.
(
. Thusφ = 0 and so φ ∈ t S ′ (N ). This implies that t S ′ (K) = t S ′ (N ). However by Proposition 1.3, K is a fully invariant submodule of N and N is a fully invariant submodule of M , hence by hypothesis K is t-essential in N . Thus by
(2) Assume that N is a fully invariant submodule of M and K is a fully invariant submodule of N such that
(3) Let N 2 be a fully invariant submodule of M 2 and K 2 be a fully invariant submodule of N 2 such that t S2 (K 2 ) = t S2 (N 2 ) where S 2 = End(N 2 ). By [10, Lemma 1.11], there exists a fully invariant submodule N 1 of M 1 such that N 1 ⊕ N 2 is a fully invariant submodule of M . Similarly, there exists a fully invariant submodule
are respectively the canonical injection and projection. Now
, as desired. Since M is FI-t-cononsingular, the latter implies that K 1 ⊕ K 2 ≤ tes N 1 ⊕ N 2 and so K 2 ≤ tes N 2 by Proposition 1.1 (4) . □ Next, we establish a close connection between FI-t-extending modules and FI-t-Baer modules. This is in contrast with [10, Theorem 3.10] . ( 
1) M is FI-t-extending. (2) M is FI-t-Baer and FI-t-cononsingular. (3) M is FI-t-Baer and C = t M (t S (C)) for every fully invariant t-closed submodule
′ is FI-K-cononsingular by Proposition 3.8 (1) . Thus by [10, Lemma 3 .14], M ′ is FI-extending and so by Theorem 2.2, M is FI-t-extending.
For ( 
). Similar to this, we shall obtain characterizations of an FI-t-extending module relative to an annihilator condition. (
Proof. (1) ⇒ (2). Let C be a fully invariant t-closed submodule of M . By hypothesis M = C ⊕ D for some submodule D and so D is a complement to C in M . However C = eM and D = (1 − e)M for some idempotent e ∈ S, hence
. This is a tautology. 
(4) ⇒ (1). Let C be a fully invariant t-closed submodule of M . By hypothesis S = t S (C) + t S (D) for some complement D to C for which D + Z 2 (M ) is t-closed in M . Then 1 = φ + ψ where φ ∈ t S (C) and ψ ∈ t S (D). Then 
